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In the theory of a non-steady thin compressed layer the generalized projection of the
vorticity on the direction of velocity is constant along the trajectories only in the case
of flow past a thin wing of small aspect ratio, unlike the stationary case /9/.
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COMPATIBILITY EQUATIONS, STRESS FUNCTIONS. AND VARIATIONAL PRINCIPLES
IN THE THEORY OF PRESTRESSED SHELLS

L.M. ZUBOV

General statements of the theory of small deformations of thin shells
with initial stresses are considered /l1/. Compatibility equations are
derived for the kinematic quantities, functions are found that satisfy
the equilibrium equations identically, different variational principles
of statics are formulated and proved, and distortion boundary conditions
are obtained. The presence of initial stresses induces substantial
singularities into these sections of the theory as compared with the linear
theory of unstressed shells /2—5/. These singularities are due to the
fact that the specific potential energy in the theory of small deformations
of elastic shells with initial stresses depends not only on the tensors
governing the change in metric and curvature of the surface, but also the
rotation vector /1/.

The results obtained can be applied in shell stability problems as
well as in the analysis of large shell deformations by the method of
successive loadings when a linear problem of small deformations measured
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from the state of stress corresponding te the previous step is solved in
each step of the calculation process.

1. The system of eguations describing small deformations of thin elastic shells when
there are initial stresses consists /1/ of the equilibrium equation for the force quantities

V.H—MB+G. (".-M)N] +f+ V. (uN) =0 (1.1)
H=K+3ve+AN (A-N=0)

governing the relationships connecting the force and kinematic quantities

da da da __ e
Hz—é?-, K=—ée s p == a7 =30 (1.2}

M= —da/dx,a=afe, % &%)

and the formulas expressing the kinematic quantities in terms of the displacement vector field
w of the middle surface of the shell

F=Vw=¢-+ye+ 3N, 4 =NFT =Vuw+ Bu (1.3}
e=-5 [(Vu)-G + 6-(Vu)T ]~ Bu, %= NV x )

#=xT = (V9).G + B.FT = [(Vo)-e —e-(Va)7] +

! @B+Be), 0=0xN+3N, G=E—NN

e=—eT=—G XN, B=—VN,u=wG, w=wN

l\?l

The N in (1.1)=(1.3) is the unit vector normal to the middle surface O of the shell, G
and B are the first and second fundamental surface tensors, e is the discriminant tensor, E
is the unit tensor, V is the nabla operator on the surface, & is the linear surface strain
tensor, x is the tensor of curvature variation, @ is the linear vector of surface rotation,
a is the specific potential energy of a prestressed shell (per unit middle surface area),
and f and u »x N (u-N=10) are the intensities of the additional force and moment loads
distributed over the surface 0. The vector fields f and u are considered given, i.e., are
independent of the displacement vector w and its derivatives.

In the case of small initial strain and a membrane initial state of stress, the governing
relationships are written as follows /1/:

I{m-ig‘v—z-[(1-——v)e+ thrs]-{——;—x(S-e—e-S) (1.4)
Eh3 : =S.
Mz._.mg(l-—v)x—rv(}trx}, =S¢
ye=1rS 4+ ti (See-g)
Eh Ew
¢= gy WP e —2(1—v)dete] 4 sy X

[trise—2(1 —w)det %] +xtr(S~e-s)+—;—x2tr8+—%-ﬁ-5-ﬂ

Here K is Young's modulus, v is Poisson's ratio, h is the shell thickness, and S is
the tensor of the initial forces. The governing relationships for an arbitrary initial state
are presented in /1/.

The force boundary conditions obtained in /1/ on the shell contour can be written as
follows:

m-(H = (V.M)N—M.B] + 5 (MpN) = (1.5)

1 T_g‘;(le)'—(m“)N¥ Mmm=dm
(d = dmrrl + d?t! m-M= ‘?Mmmm + Mmit}

where m,t are unit vectors of the normal and tangent to the contour ['(m-N ==0),s is the
running length of the arc of the contour, 1 is the intensity of the external load distributed
over the contour d < N (d'N =0) is the intensity of the moment distributed over the boundary
curve.

The geometric boundary conditions consist of specifying the displacement vector W and
the components of the angle of rotation ¥,,=m-8% on T,

2. 1If (1.3) is substituted into (1.2), and then into {1.1), a system of three eguations
is obtained in the three displacement vector components. In addition to this, the force
quantities H, M can be taken as fundamental unknowns. The compatibility equations imposed
on the kinematic quantities F,» and representing the result of eliminating the displacements
from the relationships (1.3) will be the equations to define them along with the equilibrium
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equations (1.1). The governing relationships (1.2) should here be inverted, i.e., the kinematic
quantities should be expressed in terms of the force gquantities.

The necessary and sufficient condition that the tensor field F =G-F bpe the gradient
of a certain vector field w on the surface is the equation /6, 7/

V.(e-F)=0 (2.1)
The relationship

x —[V(N-FI)].-G —B-FT =0 (2.2)
results from (1.3).
Equations (2.1) and (2.2) are equivalent to six scalar relationships for the nine com-

ponents of the tensors F and x, and are the compatibility equations for the kinematic quan-
tities. When they are satisfied, the displacement vector is determined by the quadrature

w = §{ dR.F
where R is the radius-vector of a surface point. In a simply-connected domain it is sufficient
to give the displacement of some point of the surface for a single~valued determination of
w. In the case of a domain not simply-connected (a shell with holes) the vector w is not
generally single-valued. 1If slits transforming the shell surface into a simply-connected
domain are made, then the vector w can undergo a discontinuity of the first kind on inter-
secting the slits, where the magnitude of the jump in the vector is identical at all points
of each of the slits.

Since the number of compatibility equations does not agree with the number of equilibrium
equations, the static-geometric analogy does not generally hold in the theory of prestressed
shells. This analogy is valid in the special case of membrane shell theory with initial
stresses {in the case it is necessary to set M =0 and to eliminate the tensor » from
consideration) and is a consequence of the analogy noted in /6/.

The geometric boundary conditions on the part T, of the shell edge w=w* @&, =10,%,
where the asterisk denotes given functions of the coordinate s, can be replaced by conditions
on the boundary values of the tensor, F. Since t.F =20dw/ds on T,, we have

t-F = ow*/ds, m-F.N = O* (2.3)

Since the tensor-gradient of the displacement vector is often called the distortion
tensor (see /8/, say), the boundary conditions (2.,3) can be called distortion conditions.

The distortion conditions were obtained /5/ as an intermediate result in deriving the
strain conditions. The distortion conditions are not utilized in the linear theory of shells
without initial stresses. The role of the strain conditions is taken over by the distortion
conditions in the theory of prestressed shells.

I1f the curve I consists of a simply-connected section, then the geometric boundary
conditions are restored by the distortion conditions apart from an arbitrary constant vector
by quadratures. Since arbitrary translation (translational displacement) of a shell is not
essential in an equilibrium problem, in the case of a connected curve T, the gecmetric and
distortion conditions can be considered to be equivalent. If T, consists of separate
disconnected sections, the distortion boundary conditions are not sufficient to restore the
geometric conditions (and therefore, to formulate the boundary value problem also). It is
still required to give relations governing the mutual translational displacement of the
separate sections of the curve T,.

3. starting from the identity /7/ that is valid for an arbitrary twice differentiable
vector field a
N.[V < (Fa)l = V. (¢:Va) =0 (3.1

it can be seen that the general solution of the equilibrium equations (1.1) can be represented
in the form

H=eVO L+ ¥.B—G(SYVIN+H, M=V M (3.2)

where ¢ is an arbitrary twice-differentiable vector field, and ¥ is an arbitrary twice-
differentiable symmetric tensor satisfying the condition N.¥ = (. The prime in (3.2) denotes
a certain particular solution of (l.1) corresponding to the surface loads f, p. We call the
components ¢ and W stress functions. Relations (3.2) express nine scalar force quantities,
the components of the tensors Hand M, in terms of six stress functions; the eguilibrium
equations are here satisfied identically.

The force boundary conditions (1.5) are written as follows in terms of the stress
functions

90 O ()4 L=l o (dN) — (mep) N (3.3)

a8
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\pmm + M;Bm zd‘m’ m"lﬁ = ‘pmmm + wm!t
(] 7 a *
L'=m-H + m-[V» (ki N)] + -é-;(MmgN)
4. We introduce a specific additional enmergy A into the considerations, as a function

of the static quantities H M related by a Legendre transformation to the specific potential
energy a. By the property of the Legendre transformation we have

o4 A 04 _ o4
F=ﬁ' ='§‘R" 0— ah » A= 5‘? (4'1)

x = —3d4/0M, A = 4 (H, M)
For the case of a low initial strain and a membrane initial state of stress the function
A is calculated from (1.4) and has the form

2A=Eh{(1 +v)tr K2 — vt K] + s (1 + V) tr M2 — v tr2 M) + hoa-h + (4.2)
Eh[tr§+n‘2-(1+v) 08— (1 4 V) tr B F— (4 +v) e (K]-See)
K = EiR, S=FEKS, y==EWj, 6-8=G, N.og=0-N=0

Here ¢ is a two-dimensional tensor inverse to the initial force tensor.

5. The relationships cbtained above enable us to formulate variational principles for
the theory of prestressed shells that are analogous to the principles set down in /9/ for a
three-dimensional elastic medium. We assume that the shell boundary consists of two parts
T, and T, Geometric conditions are given on I, and force conditions on [,. We consider

the following functionals

viw)={{atP @), nwmiao—{{(r-w—p -0 w120~ (5.1)
‘o ‘0
S{U +Lmxd]w—do (w)}ds
D B M= {7 ) =0 () — (5.2

¢
AH Mj—tfwdu-dwW)d0—J

J=§ {'Lm-(}l-}- V-(MN)) —m-BM,,,, +
%’(MM,N)] (W W) — M (B0 (W) —-ﬁ:.]} ds —
- Zmxa]w—domlas
T

PQ=tc(P-Q)

Usiw, F, % H, M]mSS(a(F, %) — HT . .(F — Vw) + (5. 3)
(@
M- (x—V (Ve +Bw.G—B-(Vw)T ] -
fow4+p-G(w)pds—J

The functional U; is defined on a set of fairly smooth displacement fields satisfying
geometric conditions on T,;. The displacement fields and force guantities not subjected to
any bundary conditions vary independently in the functional (5.2). The variable functions
in the functional (5.3) are the displacements, and the kinematic and force quantities which
are also not connected by additional conditions. The equilibrium equations in displacements
and the force boundary conditions result form the stationarity of the functional U,. The
equilibrium equations (1.1}, relations (4.1), and the geometric and force conditions result
from the condition §U,=0. The requirement 8Uy =0 1is equivlaent to Egs.(l.l), relations
(1.2) and (1.3), and also the force and geometric boundary conditions.

The variational theorems with the functionals (5.1)—(5.3) are analogous to the Lagrange,
Reissner, and Hu-Washizu conditions in the theory of elasticity /10/. It is easy to present
a formulation of these principles (we shall not do this here) even for different cases of
combined boundary conditions: a hinged suppert, a moving hinge, a sliding frame, etc.

The formulation of the above-mentioned variational principles can be extended to the
case of a follower pressure of intensity p, distributed uniformly over the surface . If
the conservation conditions for a hydrostatic load set up in /1/ are satisfied, it is
sufficient to append the potential for this load /1/ to the expressions for the functionals
(5.1)—(5.3)
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1 ¢
H=—z—p SS(ﬁ-u———wtre)dO
(4]
Expressing the force quantities according to (3.2) in terms of the stress functions,
we consider the following functional over the stress functions

Vi@, ¥1= ({4@, ¥)a0— (o [ ST + L Nym) | — Sbrum) s (5.4)
(4] o
The functional V; is defined on a set of twice-differentiable vector ¢ and tensor ¥
fields subjected to the boundary conditions (3.3) on T,. Note that the value of the functional
V, does not change if ® 1is replaced by @ -+ ¢, where ¢ is an arbitrary cohstant vector.

We will show that the stationarity condition for the functional V, is egquivalent to
the compatibility equations (2.1) and (2.2) written in terms of the stress functions and the
geometric boundary conditions on T). On the basis of (4.1), we write the variation of the
functional V, after integration by parts in the form

SS(v.e.F).&b+[(B-FT+V0—x)..w1do— (5.5)
(]

P (4-F 60 + 8,0¢m; + BnOYmm) ds —

-

According to .(3.3) the possible variations in the stress functions on the curve T, should
be subject to the condition

8105 (0@ + NO&Yyy) = 0, Sfpun = 0 (5.6}

Let 8V, =0. First setting &P =8¥ =0 on T (this is compatible with the constraint
(5.6)), by virtue of the fundamental lemma of the calculus of variations we arrive at the
compatibility equations (2.1) and (2.2). These equations mean that a vector field w exists
whose surface gradient is F (®,¥). In a simply-connected domain the vector w is a single-
valued function of the coordinates on the surface defined apart from an additive vector
constant. Taking this into account, we transform the stationarity condition of the functional

_“ (w-6®) _;;(W.N6¢m,>]ds+ (5.7)

§ [+ 35 (00 + Notp) —m- (Vo B-w) S ] &5 —

-

§[#* 2 (60 + N6) — Orm | ds =0

Ty

The first integral in (5.7) is obviously zero. Since T =T, | T,, and conditions (5.6)
hold on T,. we conclude from the arbitrariness of 8@, §% that the conditions m. (Vw +
B-w) =49,*,W=w* are satisfied on TI;. We note that the above-mentioned indeterminacy
in the form of the vector constant is eliminated by this last relationship.

If the shell surface is not simply-connected, then by transforming it into a simply-
connected domain by making the requisite number of slits (partitioms), it can be shown that
the condition that the displacements are single-valued also results from the statlonarlty
of the functional V; in the case of a multiconnected domain.

The force boundary conditions (3.3) are an ordinary differential eguation in the vector
@ + Npp,. Since the stress vector function @ is defined to within an arbitrary constant
vector, if T, consists of one connected section, the force conditions can be satisfied without
loss of generality by setting

® + N = 0%, Ymm = Gm — Mmm’ (5.8)
on T, where ¢* is a certain particular solution of the equation

d =1—L' —(m;(d)—-(m wN

We set

vy (@, \r]—_—SSA(m, ‘!')d0+S ] ow

(4] T,

1ds (5.9)
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It can be verified that the stationarity condition for the functional V;," over the stress
functions satisfying the condition (5.8) on T, is equivalent to the compatibility conditions
{2.1), (2.2) and the distortion boundary conditions on TI,.

The strain boundary conditions in classical linear shell theory are derived from an
additional energy variational principle in /11/.

Both the distortion conditions and the force conditions in the form (5.8) are natural
boundary conditions for the functionals V, and V; presented below

VaIF, % @, T]:SS{[&VQ’-&- ¥.B—G-(V-¥)N + (5.10)
¢
—(‘F+M’) -x—a(F, %}d0+ W
=S hady mq’mm] ds -
!
t (d) N“lml *) + ﬁ‘m (wmm'"' dm + M;nm)] ds

K

¥Y.B+G(VYN—H]+2 MW —M)}do+W

F,»x, HH M, @, W]:SS (A, M)—FT..[H—e.V® — (5.11)
()

The necessary and sufficient conditions for the functional (5.10} to be stationary are
Egs. (2.1), (2.2), the governing relations (1.2) in which the force quantities are expressed
in terms of the stress functions, andthe boundary conditions (2.3) and (5.8). The requirement
for the functional (5.11) to be stationary is equivalent to the compatibility equations, the
relations (4.1) and (3.2}, and also the distortion and force boundary conditions.

We will present still another formulation of the Clapeyron theorem for prestressed shells
that results from (1.1}, (1.2), and (1.5)

%(ﬁ{[l + %(de)]‘W—d-ﬂ}ds -+ J{ SS (f-w—p-9)d0 ==
o

gt

%SOS (H- .F7 — M- %) d0 = SQSadO

6. The general case of an initial state of stress for a shell when inversion of the
governing relations (1.2) is possible was considered above. Moreover, exceptional cases exist
for which it is impossible to express all the kinematic gquantities in terms of the forces,
which results in a modification of the number of statements in the theory. The most important
of such exmaples is a cylindrical shell {of arbitrary section) subjected to uniaxial preliminary
tension or compression in the direction of the cylinder generators. We take the length of the
arc of the shell transverse section outline as the x#; coordinate on the cylinder surface,
and the distance measured from the cylinder axis as the 1z, coordinate. The unit vectors
tangent to the coordinate lines will be denoted by e, e,, The tensor of the initial forces
has the form S = Tee, in this case. Consequently, as is seen from (1.4), the specific
potential energy a is independent of the component &;=e;-® of the rotation vector. There-
fore, this component be expressed in terms of the force gquantities. In compiling the system
of equations in the force gquantities by a natural path we arrive at the problem of determining
the surface displacement vector by means of a given field of kinematic quantities e, %y %,

#, = e,-% , and the derivation of the corresponding compatibility conditions. These conditions
consist of five equations and have the form

Gxn g 0Fy B g (6.1)
8zq R dry
Hop — 30 — 8Fy, 6Fﬂ —
BT %n " Tin z3
oFy | oFm o9 _
Gz, 8%, =0, xn——kFu oz, =0

kzk(fl)z'*er%j—

Aup=€q %0 Fop=e, -F-eg (x =1, 2)

If (6.1) are satisfied, the shell displacements are determined by quadratures apart from
an arbitrary translation and an arbitrary rotation around the e, axis.

In finding the general solution of the equilibrium equations {1.1) it must be taken into
account that the equation A; =e¢;-H.-N = 0 holds in the singular case under consideration.
This relationship imposes the following constraint on the functions &,¥ in (3.2)

Or _Jn 0 0, p—®N, fap=eq Ve (6.2)

uTy 8x; Dy
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Condition (6.2) can be satisfied by setting

¢n==d)—-iﬂl ¢u== 0@

where ¥ is an arbitrary twice-differentia

i £
Therefore, for uniaxial prestressing the g neral solutlon of the equilibrium equations
( b4

contains five stress functions @, e.- @ (a = 1, 2),4,},,, unlike the general case. It can be
verified that even in thig case the compatibility ecuations 6. 1) result fram a variatieons
erl tha Nig Ccase compatlilility eguations (6.1} result from a variational

principle with a functional of type V;.

If there are no initial stresses in the shell, then the stress functions @&,¥ should
ha auhdiacntad +~ dhae AanAdsdiane 1 N A = N Tier b momede d e JU.
L sSusjelied Lo i€ CONGLTIoNS A =v, ¥ = v, DY sScarcing from this it is poas.uu.e to arrive
at the three stress functions of linear shell theory /3—5/ in terms of which the general
solution of the three equilibrium equations for the symmetric force and moment tensors is

expressed.

5

7. BAs an application we consider a new energy criterion for the buckling of thin plates
that results from the principle of complementary work. The equations K=7y=0 are satisfied
for the bending strains of a slab and we have @.G=( from (3.2). On the basis of (3.2},
(4.2) and (5.9), the stability energy criterion for a slab stressed in its plane has the form
(® = ®.N)

81" =0, (g{f’(é‘hﬂ)1[(1—7—xv)tr‘!”——-vtr~‘l’}~-(e VP — V. ¥).0-(e- VD — V. ¥}} dO (7.1)

The stress functions &,¥ in the functional V should satisfy the force boundary
conditions, The geometric conditions are assumed tc be homogeneous. For axisymmetric modes
of buckling of a uniformly compressed (§= —gG) circular plate we have ® =0,y,, =0, - where
the subscript 1 corresponds to the radial coordinate r, and the subscript 2 to the angular

coordinate. In this case the functional (7.1) takes the form

r

T = 2ngt \[1" ERO) g (k2 + i — 2ottn) — (32 . B BT o 7.2

/

Here a is the plate radius and g is the magnitude of the compressive force. 1In the
case of a freely supported plate we take the expressions for the bending moments occurring
in a plate without initial stresses subjected to a uniform transverse load as the coordinate
functions of the Ritz method:
Py = CB =V (@ — 1Y), Yo = CB V) a®—(1--3v)rY {7.3)
C = const

From (7.1)—(7.3) we £find the approximate value of the critical locad for v =103
12(1— v2) (ER®)la%q = 4.25

The exact value of this quantity is 4.20 /12/.

The problem of the stability of compressed thin-walled cylindrical rods of a closed
profile might be another example of the application of the theory presented above. For the
rod buckling modes of a thin-walled cylinder whose transverse section is a smooth closed
contour, the bending stiffness of the shell wall can be neglected, i.e., membrane theory can
be considered. According to (4.2), the specific additional enerqgy in this case takes the

form (the unimportant constant factor is neglected)

{ =
-4=H112;szz-—3‘\'H;1sz+—‘:r“l(7»22-l—H122-§-H2\2); (7.4)
2(vt— 1) T
“*_7?——'HMHH~ T="F
H,. =e,He, (2.B=12)

x o

Here T is the dimensionless initial stress acting in the direction of the rod axis.

Taking account of (3.2) and (6.2), we express the additional energy in terms of the stress

B b d e o o . P | al principle with the functional (5.4) to investigate
runctions @, ¥, ana we ayy.gy a variational principle with (3.4) Lo invesily

the stability of a rod whose endfaces are under sliding clamping conditions. In this case
we should set (! is the rod length)

nu
=@ (x))sin vy, Dg=Pa{z)COSNT2. N="7—, n=12,.

Taking account of the periodicity of the functions g, (z) (¢ =1,2), the condition for ‘
the functional (5.4) to be stationary results in the equations (the prime denotes the derivative
with respect to )
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1+ 1) ¢ ~ [ +7) K (z) + 15l gy — ngy’ = 0 (7.5)
W — DRt =0

Here k(z;) is the curvature of the cross-sectional contour. Equations (7.5) agree with
the equations derived in /13/ by another method that applied the principle of additional
energy directly to the three-dimensional theory of equilibrium of prestressed bodies.

The domain of applicability of this theory for the buckling of thin-walled rods is
studied in /14/ in the example of a rod with circular section by making a comparison with the
exact solution of the stability problem for a hollow circular cylinder in a three-dimensional
formulation. It is established in /14/ that Eq. (7.5) enables the critical load to be determined
fairly exactly, corresponding to the rod instability mode occurring in long shells., This
buckling mode is characterized by the fact that the functions ¢q,(z) have two sign changes
on the cross-sectional contour. Equations (7.5) are used in/14/ to calculate the critical
laod of a rod with a complex cross-sectional profile.
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THE EXISTENCE OF AN OPTIMAL SOLUTION IN PROBLEMS
OF DETERMINING THE SHAPE OF AN ELASTIC LINE

E.A. NIKOLAEVA and L.V. PETUKHOV

The existence of an optimal sclution in the problem of strain energy
minimization of maximization for an elastic rod is investigated. It is
established that for any elastic line shape a unique sclution exists in
Timoshenko's thecry for the boundary conditions under consideration, while
there is a case in Kirchoff's theory for an inextensible rod when the
solution is not unique. A generalized optimal control exists in the
optimization problem. The case when a measurable optimal control exists
is investigated. Examples of the generalized control are presented.

1. Let two points O and x, be fixed in R®. Connected them by an elastic line of given
length [' so that the elastic strain energy is extremal. For this problem the load can be
considered to be both distributed p ('), m(T) (vectors of the forces and moments), and lumped
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